A new graphical perturbation technique, based on the adiabatic solution of the density matrix, is developed to calculate nonlinear optical polarization. In each step of the perturbation, the adiabatic solution is expressed by a pair of conjugate diagrams describing the propagation of eigenstates. Using simple diagrammatic rules defined here, we calculate various third-and higher-order nonlinear optical polarizations including that for the seventh-harmonic generation. Inspection of higher-order calculation shows a consistent graphical pattern that can be used to directly write the nonlinear optical polarization of any desired order.
INTRODUCTION
Calculation of nonlinear optical polarization becomes exceedingly difficult as the number of coupled atomic levels, the number of interacting laser fields, and the field intensity increase. The goal of this paper is to develop an easy to use graphical technique that will help simplify the calculation of optical polarization that is responsible for coherent wave mixing in a multilevel atom. With increasing laser intensity ͑I ϳ 10 12 W/cm 2 ͒, as the Rabi frequency E / ប approaches the detuning ⌬, the higher-order terms in the density matrix contribute significantly. In the presence of many coherent fields, the quantum interference between various channels of the atomic transition influence the optical susceptibility and limit the efficiency of wave mixing. 1, 2 For example, the efficiency of eightphoton resonant IR to vacuum-UV conversion will be limited by the quantum interference between the various channels involving the fundamental, seventh-, and ninthharmonic fields. This requires calculating the density matrix up to the ninth order of the incident laser field. In such cases, a graphical description becomes necessary to analyze and calculate the polarization at a desired frequency. Diagrammatic analysis of the density matrix based on Feynman diagrams has long been developed for calculating nonlinear optical polarization. [3] [4] [5] To describe the quantum interference phenomena responsible for the lasing without inversion and the electromagnetically induced transparency, a useful diagrammatic representation of the density-matrix solution was developed by Nikonov and Scully. 6 In this paper I present an alternate and new graphical perturbation approach, based on an adiabatic solution of the density-matrix equation. In this approach, each term of the adiabatic solution is expressed by an equivalent energy-level diagram displaying how a particular term is generated through the interaction of the electric field of light with matter. In each successive step of perturbation, a pair of conjugate diagrams correctly describes coherent mixing of the eigenstates due to various scattering of the optical fields. In essence, these diagrams equivalently describe the propagation of bra and ket states through timeordered scattering processes. From the sequence of diagrams, we are able to write down a complete expression of a nonlinear optical polarization without evaluating the complicated integrals involved in each step of the scattering processes. In addition, these diagrams allow us to choose only those scattering processes of interest in a given nonlinear optical experiment. Using the relatively simple and self-explanatory diagrammatic rules defined here, we can calculate a high-order nonlinear optical polarization in a reasonably straightforward manner. We start by solving the density-matrix equation using an adiabatic approximation and introduce the graphical representation of this solution. Having established the basic principle and guidelines of this graphical perturbation, we show applications by calculating various third-and higher-order nonlinear optical polarizations.
GRAPHICAL APPROACH
The density-matrix equation describing the interaction of an electric field E of light with an electric dipole moment is
where nm is the density-matrix element between the energy eigenstates ͉n͘ and ͉m͘, mn is the resonance frequency, and ␥ nm is the dephasing rate associated with the n → m transition. The electric field E = ͚ i E i ͑t͒e i i t +c.c., where E i ͑t͒ is the slowly varying amplitude of the electric field component oscillating with frequency i .
Replacing
(1) and equating the coefficients of e +i j t on both sides, we obtain the equation for the slowly varying Fourier amplitude nm ͑ j ͒:
where ⌬ nm ͑ j ͒ = j − mn − i␥ nm is the complex detuning. Note that we have not made a rotating-wave approximation in deriving Eq. (2). For large detuning, i.e., ͉͑ j − mn − i␥ nm ͉͒ ͉ E ប ͉, the adiabatic approximation can be used to solve Eq. (2) for nm ͑ j ͒. 1, 7 We then obtain
This adiabatic solution can be alternatively expressed using the combined diagrams shown in Figs (3) is represented by Fig. 1(b) . Note that relative to Fig. 1(a) , the order of steps generating nm ͑ j ͒ in Fig. 1(b) is reversed. Indeed, term (a) in Eq. (3) corresponds to propagation of the eigenstate n (the ket state) forward in time, while term (b) corresponds to the propagation of the bra state m backward in time. Applying the diagrammatic rules described above to Fig. 1(b 
Thus each term in Eq. (3) represents propagation of a bra or a ket state and can be equivalently expressed by a diagram in Fig. 1 . We have shown the diagrams involving only one field component. In general, for each field component there will be two pairs of conjugate diagrams such as shown in Fig. 1 .
nm ͑ j ͒ expressed by the four terms in Eq. (3) or their equivalent diagrams in Fig. 1 represents the first step of a perturbation expansion. The next step will involve expansion of m ͑ j ϯ i ͒ and n ͑ j ϯ i ͒ graphically using the diagrammatic rules defined above. In each successive step of expansion, diagrams are constructed in pairs to correctly represent propagation of the bra and ket eigenstates through time-ordered scattering processes for each electric field component. We can continue this expansion up to any desired order of the electric field. Now we will apply this graphical expansion technique to calculate various optical nonlinearities. 
THIRD-HARMONIC GENERATION
The induced electrical polarization is given by P = N Tr͑͒ = N͚ m,n nm nm . The slowly varying amplitude of the third-harmonic polarization oscillating with frequency + 3 is given by P͑ 3 ͒ = N͚ m,n mn nm ͑ 3 ͒, where 3 =3 and is the frequency of the input optical field. Here we are looking for third-order terms in the fields, i.e., nm ͑ 3 ͒ϳE 3 . The sequence of steps involved in the generation of nm ͑ 3 ͒ under the action of the driving field E = E͑t͒e it +c.c. of light can be described by the set of diagrams shown in Fig. 2 . Applying the diagrammatic rules described above, we get an expression for nm ͑ 3 ͒. In each step, the interaction with the optical field is represented by a pair of conjugate diagrams describing the propagation of a ket and a bra state forward and backward in time, respectively. Figure 2 (a) contributes the terms Fig. 2 
Following similar steps, combining Figs. 2(b1) and 2(b2) we get an expression for n ͑2͒. Using the expressions of m ͑2͒ and n ͑2͒ and combining the conjugate pair of Figs. 2(a) and 2(b), we get
͑5͒
Using nm ͑ 3 ͒, after some straightforward algebra and exchange of summation indices, we get the following expression of P͑ 3 ͒ in agreement with Ref. 8 :
STIMULATED RAMAN SCATTERING
Now we will consider stimulated Raman scattering in the presence of the optical pump field E p at frequency p and the Raman Stokes field E r at frequency r . We have p − r Ϸ , where is the vibronic resonance frequency. The slowly varying amplitude of the Raman Stokes polarization oscillating with frequency + r is P͑ r ͒ = N͚ n,m nm ͑ r ͒ mn .
Here we are looking for nm ͑ r ͒, which is third order in the fields, i.e., of the form E p E p E r , etc. We are interested in the polarization that is generated through vibronic resonances and we ignore all nonvibronic contributions. The sequence of steps involved in the generation of nm ͑ r ͒ in the presence of the net electric field E = E P ͑t͒e +i p t + E r ͑t͒e +i r t +c.c. of input light is shown in Fig. 3 . The diagrams in Fig. 3 express only the vibronic contribution to the Stokes polarization. Also, note that the perturbation expansion up to the second order in the fields is shown by these diagrams. The final or the thirdorder terms are obtained by using the expression of the single-photon density matrix ͑ r ͒ and ͑− P ͒ that depend linearly on the fields E r and E p * , respectively. Each interacting electric field component contributes a pair of conjugate diagrams describing the scattering of a bra and ket state. Applying the above diagrammatic rules to Fig. 3 we get an expression for nm ͑ r ͒ or an expression for the Raman polarization P͑ r ͒.
Let us start with Fig. 3(a) , which generates the terms
͑6͒
where ⌬ nm ͑ r ͒ = r − mn .
In the next step, we expand m ͑ r − P ͒ and n ͑ r − P ͒ as shown by the diagrams in Figs. 3(a1)-3(a4) and Figs. 3(b1)-3(b4) , respectively. For each field component E r or E p the interaction is represented by a pair of conjugate diagrams. The terms generated by each diagram in Figs. 3(a1)-3 (a4) are as follows:
where ⌬ m ͑ r − P ͒ = r − P − m − i␥ m is the complex detuning associated with the → m vibronic transition. The sign change between a pair of conjugate diagrams in the above expression implies time or phase reversal in the propagation of a bra state relative to a corresponding ket state. Thus we can write m ͑ r − P ͒ = Fig. 3͑a1͒ + Fig. 3͑a2͒ + Fig. 3͑a3͒ + Fig . 3͑a4͒ . ͑7͒
The final expression of m ͑ r − P ͒ is obtained after substituting the single-photon density-matrix elements
. We then obtain
Similarly, we can write n ͑ r − P ͒ϭFig. 3(b1)ϩFig. 3(b2)ϩFig. 3(b3)ϩFig. 3(b4). Using the expression of m ͑ r − P ͒ and n ͑ r − P ͒ in Eq. (6), we get nm ͑ r ͒. The Raman Stokes polarization P͑ r ͒ is 
This expression of P͑ r ͒ agrees with that of Ref. 9.
TWO-PHOTON RESONANT FOUR-WAVE MIXING
As another example of this graphical technique, we calculate the third-order polarization responsible for the twophoton resonant four-wave mixing. We assume that the electric fields E 1 ͑ 1 ͒ and E 2 ͑ 2 ͒ of the pump laser satisfy the two-photon resonance with a pair of atomic levels ͉a͘ and ͉b͘, i.e., ba Х 1 + 2 . We are interested in the polarization at the sum frequency = 1 + 2 + 3 , generated when a third wave E 3 ͑ 3 ͒ couples the two-photon resonant levels with other nonresonant levels.
The slowly varying amplitude of the polarization at the sum frequency is P͑͒ = N͚ n,m mn nm ͑͒, where nm ͑͒ is induced under the action of the combined laser fields: E = E 1 ͑t͒e i 1 t + E 2 ͑t͒e i 2 t + E 3 ͑t͒e i 3 t +c.c. Each field component will contribute a pair of conjugate diagrams representing the generation of nm ͑͒. Since in this example we are interested only in the two-photon resonant part of the polarization, we can ignore all nonresonant contributions. If we consider the two-photon resonant interactions with E 1 and E 2 , and ignore all nonresonant terms involving ͑ 1 + 3 ͒ or ͑ 3 + 2 ͒, the number of diagrams reduces to two. Thus the two-photon resonant generation of nm ͑͒ is expressed by the pair of conjugate diagrams shown in Figs. 4(a) and 4(b) . In the next step we must expand the two-photon resonant m ͑ 1 + 2 ͒ and n ͑ 1 + 2 ͒ and express them as quadratic functions of the interacting fields E 1 and E 2 as we have done above in calculating third harmonic or Raman polarization. The number of diagrams can be further reduced if we consider twophoton resonance between a given pair of levels a and b. Then the polarization for sum-frequency generation is more meaningfully expressed by the conjugate pair of diagrams shown in Figs 
͑8͒
The two-photon resonant ab ͑ 1 + 2 ͒ can be expanded as shown by the pairs of conjugate diagrams of Figs. 
͑9͒
where
After substituting the single-photon or linear densitymatrix elements mb ͑ 2 ͒ = ͓͑ mb · E 2 ͒ / ប ͑ 2 − bm ͔͒͑ bb − mm ͒, etc. in Eq. (9), we get the final expression of ab ͑ 1 + 2 ͒, which is quadratic in the fields, i.e., proportional to E 1 E 2 . Using this expression of ab ͑ 1 + 2 ͒ in Eq. (8) we get the polarization for sum-frequency generation: Fig. 4 . Generation of third-order polarization in two-photon resonant four-wave mixing. The conjugate diagrams (a) and (b) represent the generation of nm ͑͒ via two-photon resonant interactions described by the resonant density-matrix elements m ͑ 1 + 2 ͒ and n ͑ 1 + 2 ͒. For a specific pair of resonant levels a and b with ba Х 1 + 2 , the nonlinear polarization is expressed by the conjugate pair of diagrams (c) and (d).
SEVENTH-HARMONIC GENERATION
To demonstrate an application of this graphical method to higher-order perturbation, we calculate the nonlinear optical polarization for the seventh-harmonic generation.
The slowly varying amplitude of the seventh-harmonic polarization oscillating with frequency 7 is P͑ 7 ͒ = N͚ m,n nm mn ͑ 7 ͒, where 7 =7 and is the frequency of the fundamental optical field. We are interested in the seventh-order perturbation solution of the density-matrix equation and are looking for terms like mn ϰ E 7 ͑͒. As we have shown in our previous examples, each step of the perturbation expansion is described by a pair of conjugate diagrams. The graphical expansion continues until we get to the seventh order. The sequence of diagrams involved in the generation of mn ͑ 7 ͒ is shown in Figs. 6.1-6.8. The first set of expansion starts with Fig.  6 .1 where mn ͑ 7 ͒ϭFig. 6.1(a) ϩFig. 6.1(b). Applying our diagrammatic rules to Fig. 6 .1, we get
͑10͒
where ⌬ mn ͑7͒ =7 − nm is the resonant detuning for the m → n transition. Using similar diagrams ( Fig. 6.2) , an ͑6͒ and mf ͑6͒ can be expressed as a superposition of two conjugate terms. For example, following Figs. 6.2(a) and 6.2(b) we can write
͑11͒
Here ⌬ an ͑6͒ =6 − na is the detuning of the a → n transition.
In the next step of the perturbation, bn ͑5͒ and af ͑5͒ in Eq. (11) are expanded using Figs. 6.3 and 6.4 and are expressed as a superposition of the next lowerorder density matrices ͑4͒, etc. After replacing bn ͑5͒ and af ͑5͒ in Eq. (11), we get 
. ͑12͒
Using similar diagrams we can continue the expansion of cn ͑4͒ etc. each time as a superposition of two conjugate terms. Figures 6.5-6.8 show a successive expansion of the density matrix until we get to the first order. The various energy levels involved in the generation of mn ͑7͒ are shown in Fig. 7(a) . Figure 7 (b) summarizes the breaking of mn ͑7͒ in terms of the lower-order density matrices. In each step, a density matrix of a given order is expanded in terms of two lower-order density matrices associated with a pair of conjugate diagrams. For example, an ͑6͒ is a linear combination of bn ͑5͒ and af ͑5͒. bn ͑5͒ is again a combination of cn ͑4͒ and bf ͑4͒. In the final step, mn ͑7͒ is expressed as a linear combination of the various first-order density matrices like ab ͑1͒ etc. As shown in the previous examples, these first-order density matrices are expressed in terms of the level population.
For example, ab
By successive elimination of ͑4͒ using Figs. 6.5-6.8 and similar diagrams, an ͑6͒ in Eq. (12) can be expressed as a series involving the dipole matrix elements, level population, and appropriate resonant denominators. Thus we get
where ⌬ ij ͑p͒ = p − ji and ⌬ ij ͑−p͒ =−⌬ ji ͑p͒. Following the same diagrammatic approach, a similar expression for mf ͑6͒ can be found. After replacing an ͑6͒ and mf ͑6͒ in Eq. (10), we get mn ͑7͒: 
The polarization for the seventh-harmonic generation is P͑ 7 ͒ = N͚ m,n nm mn ͑7͒. Inspection of Eqs. (13) and (14) shows a consistent pattern in the expression of an ͑6͒ and mn ͑7͒. We could intuitively justify this interesting pattern as follows: mn ͑7͒ is generated by coherent coupling of eight eigenstates m, a, b, c, d, e, f, and n in the presence of the input optical fields. The coupling of the initial (mth) and final (nth) level is proportional to the product of the dipole matrix elements connecting the successive intermediate levels. Thus, mn ϰ ma ab bc cd de ef fn .
The contribution of each level is determined by an appropriate resonant denominator representing the position and detuning of this level relative to all other levels. In addition, there is a weight factor for each individual level that appears as the population of that level. For example, the contribution of level b is given by
mn ͑7͒ is given by the superposition of the contributions from all eight levels.
Following this pattern we could directly write the expression of the nonlinear polarization of any order. For example, let us get the expression of the 11th-harmonic polarization. There are 12 levels coherently mixed to generate the 11th-harmonic polarization as shown in Fig. 8 
